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Suppose  that  A  is  a  square  matrix  consisting  of  nonnegative  elanents. 
In  certain  considerations,  it  i6  important  to  know  when  all  the  elements  of 
some  power  of  A  are  strictly  positive.  Krobenius  [2]^  gave  a  very  simple 

/  V 

necessary  and  sufficient  condition  for  this  to  ha;  pen.  In  this  note  we 

T 

give 'a  simple  proof  of  this  result,.  /  Qwr;  proof  is  algebraic  in  nature  and 
avoids  the  use  of  the  convergence  of  powers  of  a  matrix.  - 

All  matrices  considered  here  will  have  real  elements.  For  two  such 
matrices  (not  necessarily  square)  B  *  (b^),  C  ■  (c^.)  we  define 


B  •  C 


if  b  -  for  each  i,  j. 


B  2  C  if  B  -  C  but  8  /  C 


B  >  C  if  for  each  i,  j. 


A  square  matrix  A  ^  0  (A  ii  then  called  nonnegative)  is  sai  l  to  be 
Indecomposaule  if  for  no  permutation  matrix  P  d^es 
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where  the  A^  are  square  subroat  rices . 


The  fundamental  result  about  nonnegative,  indecomposable  matrices  is 
due  to  Frobenius  [2]j  this,  and  other,  results  have  recently  been  roderived 
and  extended  in  a  greatly  simplified  manner  by  Wielandt  [j]  and  Debreu  and 
Herstein  [1],  It  is 

THEOREM.  Let  A  •  0  be  an  lndecofflpoeable  matrix.  Than  A  has  a  posi  tive 
characteristic  roo t  r  such  that 
1.  r  is  a  simple  roo  t . 
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2.  to  r  can  be  associated  a  characteristic  vector  x  >  0. 


3*  i-£  «<  any  other  character ia tic  root  of  A,  |  |  ■  r . 

If  A  >  0  then  3.  can  be  sharpened  to  \  ^  |  <  r  for  all  characteristic 
roots  •(  /  r  of  A. 

If  A  *  0  Is  indecomposable  and  if  A  has  no  characteristic  root  other 

than  r  of  max _ A  absolute  value  then  A  is  said  to  be  primi tive . 

In  this  paper  we  prove  the 

THEOREM*  (  'Yobeniua).  Le_t  A  ^  0.  Then  Am  >  0  for  some  integer  m  >  1  if 
and  only  if  A  lb  jurlmjtive. 

Suppose  that  A®  >  0.  Then  A  must  be  in  ie  com  nos  able;  for  if 

contradicting  A™  >  0. 


PAP-1  - 

r« 

(Tl 

c 

B™ 

c 

then  iW1  - 

m 

0 

D 

0 

D® 

s _ 

_ ' 

Now  suppose  that  r  and  re  /  r  are  cnaractr ristic  roots  of  A  of  maximal 

—  m  m*  1  mm  im  v1 

absolute  value.  Then  A  ,  A  are  bo.,h  positive  and  have  r  ,  r  <*  , 

and  r°  \  r"  A  ^  re&pecti/ely  as  roots  of  maximal  absolute  value 

Since  the  largest  root  of  a  positive  matrix  is  simple  and  is  actually 

greater  than  any  other  root  in  absolute  value.  We  must  have 

mim'f  ■  m*!i(ra-»l),4'  1  ,  1  4-  .  . 

re  T  -  r  ,  r  e  •  r  ,  whence  e  1  »  1 ,  a  contradlc  tion . 

a 

There  remains  but  to  show  that  If  A  is  primitive  then  A  >0  for  a 
suitable  integer  r.  >  0.  This  will  he  prove!  as  a  c  >nseo, j^ric e  of  the 
following  few  lemmas,  which  by  thems e  1  v«* are  of  some  interest. 

Lemma  1.  If  A  is  primitive  t!»en  Am  i_s  primi  tive  for  every  positive  integer 
m . 

Proof.  Since  r  is  a  simple  root  of  A  and  is  t«  on  .y  root  of  A  if  absolute 

in  m  o 

value  r,  r  is  a  simple  root  of  A  an:  is  the  orny  root  of  A  of  absolute 


va^ue  rm.  S.  wo  need  but  a.Uow  that  A*0  is  indecomposable  for  every  integer 
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m  >  0.  Suppose  that  for  some  s  A  ia  not  indeoomposable;  we  can  then  as¬ 


sume  that  A  ■ 


B  C 

_° 


Now  Ax  -  rx  for  x  >  C,  so  A*x  •  r*xj  partition 


x  according  to  the  partitioning  of  A  and  we  hava 


'b  o' 


0  D 

-  J 


fK] 

a 

r«ri 

X2 

-  r 

X2 

That  1  s  Dx^  •  r9t^,  and  since  x^  is  positive,  rB  ia  a  characteristic  root 

I 

of  D.  Since  the  transpose,  A  ,  of  A  ia  also  indecomposable ,  we  liave 

a 

A  T  ■  rY  for  I  >  0.  Partitioning  as  above  we  obtain  that  r  is  a  charac- 

i 

teristic  root  of  B  ,  and  so  of  B.  Being  a  characteristic  root  of  both  B 
and  B  r*  must  be  a  multiple  root  of  A1 ,  wfiich  is  a  contradiction.  The 
lemma  is  thereby  proved. 

Lemma  2.  (Melandt).  Let  t  be  any  positive  number.  Suppose  A  »  0  ie  an 
nxn  Indecompos able  matrix .  Then  (  f  I+A)  >  0  where  I  is  the  identity 
matrix. 

Proof.  It  cleanly  suffices  to  show  that  for  any  vector  x,  x  >  0, 

(  6  I+A)0""1  x  >  0.  Let 


0  -1 

-  (  €  I4A)  x.  Then 


*;.i  '  r  *>/* 


Hence  a  zero  component  can  occur  in  x  ,  ,  only  where  a  zero  component  al~ 
ready  occiired  in  x  ^  .  However,  not  every  such  zero  component  can  be  pre¬ 
served  In  x  For  if  so,  by  a  suitable  reordering  of  the  coordinates, 
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fro*  which  it  follows  that  •  0.  This  together  with  p  >  0  forces 

A^^  •  0,  violating  the  in  decoranosabi  i  lty  of  A.  So  each  application  of 
(r  I  ♦  A  to  x  decreases  the  number  of  zero  coordinates  by  at  least  one. 


Hence  (  (c  I4A)n  * x  >  0. 


As  aii  easy  consequence  of  Loama  2  we  obtain 
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Lamm  a  3.  If  A  •  (a^)  is  in  iecoapoaable  and  a^  >  0  for  each  i  then 


*n-1  >  0. 
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For  let  i  be  chosen  satisfying  0  <  f  <  min  a^.  Thnn  A  •  *  I  4  B 


wnere  B  •  0  is  indecomposable.  Lemma  2  then  yields  A*1  >  0. 

Let  Am  •  (a^).  Then  we  have 

Lemma  U.  Let  A  •  0  be  indecomposable .  Then  for  any  i,J  we  can  find  an 
■  ■  i(i,j)  >  0  ao  that  >  0. 

Proof.  Consider  first  the  case  i  /  J.  Since 


(1*4) 


n-1 


a"'1  ♦ 
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A°  ^  4  . . .  4  I  >  0  by  Lemma  2,  >  0  for  some 


m  *  n-1.  Now  suppose  i  •  J.  Since  A  is  indecomposable,  no  column  of  zeros 

can  occur  in  A.  So  there  is  a  k  with  a,  .  >  0.  If  k  «  i  then  a[”^>  0  for 

ki  1  i 


all  m  trivially.  If,  on  the  other  hand,  k  /  i,  then  a^"^  >  0  for  eorr.e  m, 

and  since  a^™*^  •  £  a^  -  a^^  the  lemma  is  proved. 

r 
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He  are  now  in  position  to  complete  the  proof  of  Theorem  .  Let  A  be 

ah  (nu)  *1 

primitive.  Pick  ai^  so  that  in  A  \  a11x  >0.  Let  ^  -  A  -  U^U). 


By  Lemma  1  A,  is  primitive,  o  there  is  an  m0  such  that  in  A,  , 

/  \  i  / __  \  /  _  v  * 


(hl)  (»J 

(1)  >  0.  Since  »^(1)  “  >  0,  a.^  (l)  >  0.  Let  A^  ■ 


Con- 


(■2) 
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tinuing  in  thie  way  we  arr!.  <e  at  an  A^  ■  A  *  which  is  primitive  and 

whose  diagonal  elements  are  all  positive.  By  Lenra  3  An  >  0  for  some  t, 

JJ} 

hence  A  >  ?  for  some  suitably  chosen  intege'  nu 
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FOOTNOTES 


1.  This  paper  is  a  result  of  the  work  being  done  at  the  Cowles  Commission 
for  Research  in  Economics  on  the  "Theory  of  Resource  Allocation"  under  sub¬ 
contract  to  the  RAND  Corporation. 

2.  Numbers  in  square  brackete  refer  to  the  bibliography  at  the  end  of 
this  paper. 
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